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Abstract 

A class of asynchronous dynamical systems with rate 
constraints that  is a modification of the class defined 
by Hassibi and coworkers is introduced. A numerical 
procedure for a quadratic stability analysis, based on 
a combination of LMI and a genetic algorithm is pro- 
posed. Applications to networked control systems with 
packet dropout and to  convergence of asynchronous 
fixed point iterations are described. The results ob- 
tained are put in perspective as well as compared with 
those obtained earlier in the literature. 

1 Introduction 

Due to the very rapid advances in digital systems, com- 
munication systems, and data networks, feedback con- 
trol systems in which control loops are closed through 
a real-time network are becoming increasingly impor- 
tant. Such systems are called networked control sys- 
tems (NCS). The defining feature of an NCS is that in- 
formation (reference input, plant output, control input, 
etc.) is exchanged using a network that connects con- 
trol system components (sensors, controller, actuators, 
etc). Design that choose to  use a networked control s y s  
tem architecture are motivated by cost, maintenance, 
and reliability, rather than performance. 

The insertion of a communication network in the feed- 
back control loop makes the analysis and design of an 
NCS rather complex. Conventional control theory with 
many ideal assumptions, such as synchronized con- 
trol and sensing and actuation without delays, must 
be reevaluated before it can be applied to  NCSs. In 
[17], the authors show that when using an networked 
control system, not only networked-induced delay, but 
also data packet dropout must be considered. Packet 
dropout refers t o  packet collisions and network node 
failures. A networked control system with data packet 
dropout is modelled as an asynchronous dynamical sys- 
tem with rate constraints on events [8] .  

0-7ao3-7298-0ioa$i 7.00 o 2002 AACC 1284 

The basic feature of Lyapunov-based theory for a class 
of asynchronous dynamical systems proposed in [8],  is 
that the Lyapunov function is not required to  decrease 
monotonically along the state trajectories, but only on 
the average. This theory was applied t o  asynchronous 
iterations (4, 2, 111 and it was concluded in [8] that the 
condition given by (41 can be relaxed, assuming that 
there are no delays when processors communicate and 
that the latter communicate at a f i e d  rate. 

This paper modifies the definition of exponential stabil- 
ity for the class of rate constrained models considered 
by Hassibi et al. [8] relating the design parameters not 
to  the rate of occurrence of events but rather to  the rate 
of occurrence of discrete states of a dynamical system. 
This leads to  a simplification in the problem description 
as well as the design procedure. The decay rate of the 
system is still determined by nonlinear matrix inequal- 
ities and is calculated using genetic algorithms, that 
have been used to solve difficult problems with objec- 
tive functions that do not possess nice properties such 
as continuity, differentiability, etc. Examples show that 
the Lyapunov-based theory for a class of asynchronous 
dynamical systems can be used t o  find sufficient con- 
ditions for stability of linear desynchronized systems 
[12] and networked control systems with data packet 
dropout [17]. 

2 The rate-constrained model 

I I -KF(kh) 

Figure 1: NCS with data packet dropout. 
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Fig. 1 illustrates a simple networked control system 
with data packet dropout, where it is assumed that the 
closed-loop system (a - I'K) remains stable with the 
continuous controller and furthermore that the network 
connects the plant to  the controller and vice-versa. The 
network is modelled as a pair of switches S and S 
that close at  certain rates r t .  When the switches are 
closed, the network packets are transmitted without 
delay, whereas when they are open, the output of the 
switches is held at  the previous value and the packets 
are lost. Thus the dynamics of the switches (states 3 
and 2)  can be modelled as 

s 1  : 3(kh)  = z ( k h ) ,  
s,: q k h )  = z ( ( k -  l)h), 
s1 : q k h )  = -KZ(kh) ,  
s, : 2(kh)  = ? ( ( k  - 1)h). 

Concatenating the state vectors of the plant and con- 
troller to obtain a global vector: 

the networked control system with data packet dropout 
is represented as the following time-varying system: 

z ( ( k  + 1)h) = &z(kh),  

where i = 1 , .  . . , 4 .  When the switches are in positions 
S2 and S 2 ,  

when the switches are in positions S1 and SI, 

0 -K 0 

when the switches are in positions S1 and S 2 ,  

0 -K 0 

when the switches are in positions S1 and S2, 

The particular matrices &i that occur at each instant 
can be worked out as functions of k ,  given the rates of 
switching ri. Furthermore, it is clear that if the rates r1 
and 7-2 are commensurable, then the states ~ ( k h )  from 
the plant become available to  controller with certain 
periodic delays, and the states %(kh) from controller 
also become available to  the plant with periodic delays. 
If the rates are incommensurable, then the delays will 
be aperiodic but bounded. Thus the rate constrained 
model is a special case of the model of asynchronous 
iterations [4]. Readers wishing further details on the 
two kinds of model should consult [8, 151. 

3 Models of asynchronous dynamical systems 

In their derivation of exponential stability for a class of 
asynchronous dynamical systems, Hassibi et al. [8] used 
t,he rates of occurrence of the events directly. The first 
switch is closed at  rate r1 and therefore lOO(1 - T I ) %  

of the plant data is lost in the network. The second 
switch is closed at  rate 7-2 and therefore lOO(1 - r*)% 
of controller data is lost in the network. The transition 
diagram of the networked control system with packet 
dropout is given in Figure 2,  where El and E1 denote 
the events of closing and opening the first switch, and 
E2 and E 2  denote the events of closing and opening the 
second switch. Using these rates, a sufficient condition 

Figure 2: Transition diagram of the networked control 
system with packet dropout 

for exponential stability is obtained by the use of a 
simple quadratic Lyapunov function given by 

V ( z )  = XTPX, P > 0. (1)  

One obtains the following set of matrix inequalities 

&,TP&,, - P 5 ((r;2(r;2 - 1)P, 

&,ifP&, - P I (a;2a;2 - 1)P, 

&rP&3 - P 5 (&.;2f$ - 1)P, 

6.,TP&4 - P 5 (a;%;2 - 1)P, 

(2) 

and 
(3Y;1CY;2CY:-r~6;-r2 , 1,  (3) 

where 0 1 ,  cq, 6 1 ,  and 6 2  correspor_ld t o  the events El ,  
E,, El and E 2  respectively, and ai, i = 1 , .  . .  , 4  cor- 
respond to the configurations shown in the previous 
section. 

In (2), the inequalities contain the product of three 
variables of the problem, e.g. aT2aT2P , and a feasi- 
ble set of cq, a p ,  6 1 ,  and 6 2  is difficult to find. An 
alternative approach arises from the realization that 
specification of a rate of switching defines, implicitly, a 
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rate of occurrence of the corresponding discrete system 
defined, in the example above, by one of the matrices 
&*. The benefits of doing this are explored in the next 
section. 

so that 
V(z(K)) < ~ . - ~ ~ V ( z ( o ) ) .  

Now using ( 5 )  we get 

4 Exponential stability using Lyapunov-based 
theory or 

lim a k ( l Z k l l  = 0. Before proceedrng, a basic stability definition from [8] k-oo 
is repeated here: 
The asynchronous dynamical system is said to be ez- 
ponentially stable if its trajectories satisfy: 

Defining as the rate of occurrence of the matrix &i 
that corresponds to  one of the four configurations of 
switches described in the section two, it is clear that  

(4) they must satisfy the equation below 

for some a > 1. The largest such a is referred t o  as the 
decay rate of the system. I t  is clear that exponential 
stability implies uniform asymptotic stability. 

, 

m 

= 1. 
i=l 

(9) 

A sufficient condition for exponential stability is the 
existence of a Lyapunov function V : W" -+ R+, 5 Maximization of decay rate using quadratic 

Lyapunov function 

This section presents a formulation for the problem of 
maximization of decay rate for the networked control 
system with packet dropout introduced above. 

P111~112 5 V(5) L P21l4l2 ( 5 )  

where p1,2 > 0 satisfying the following conditions: 
(i) there exist ai > 0, i = 1 , .  . . ,m, such that: 

v(zk+l) - v(zk)  5 ( a i  - 1)v(zk),  (6) 

and (ii) the ais satisfy: 

f i :  a.' > a > 1, (7) 
i=l 

where m is the number of discrete states of the system. 

The proof is as follows. Suppose that the discrete state 
transitions of any trajectory of the system occur a t  
times 0 = t l  <'t2 < t 3  < .. .. Then, for t E [tk,tk+l[, 
condition (6) gives 

V(z(tk+l)) 5 aiZv(z( tk))  

or 
In V(z(tk+l)) I -2 In ai + In V(Z(tk)) (8) 

Note that whenever an discrete state of. the asyn- 
chronous dynamical system occurs we have a contribut- 
ing term ai on the right hand side of (8). Hence, sum- 
ming up these inequalities for k = 1 , 2 , . . . ,  K - 1, in 
the limit, the total time that one discrete state occurs 
is equal to  FiK as K -+ ca. Therefore 

In V(z(K)) - In V(z(0)) I 

-2ilKlncl.l - . . . -  2FmKlnam 

In V(z(K)) - In V(z(0)) < -2K l n a  

For the quadratic Lyapunov function ( l ) ,  using the suf- 
ficient condition for exponential stability given above, 
the problem of maximization of decay rate can be de- 
fined as : 

max af 1 a? a? a? 

such that 

& ,TP&aLP 5 (Cr+l)P , i = 1 , 2 , 3 , 4  
0 < p, 

(10) 
where the rates Fi and the parameters refer to  the 
discrete states of the asynchronous dynamical system, 
and the relation between i and the configuration of the 
switches described in the section two is shown below: 

i Sswitch Sswitch 
1 Off off 
2 On On 
3 Off On 
4 On Off 

The nonlinear matrix inequalities in (10) can also be 
written as bilinear matrix inequalities [16] in P and 
log ais, showing that the computational complexity 
of this type of optimization problem belongs to  class 
defined as NP-hard [6.][14]. 
scribes sets that  are not necessarily convex. It is im- 
portant to understand that being a NP-hard is a p r o p  
erty of the problem itself, not of any particular algo- 
rithm. It is also important to  understand that if a 

In addition, a BMI de-. 
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problem is NP-hard, this does not imply that prati- 
cal algorithms to solve it cannot exist. Pratical algo- 
rithms for NP-hard problems exist an typically involve 
approximation, heuristcs, branch-and-bound, or local 
search[3, 6, 141. In this paper we attack this optimiza- 
tion problem using genetic algorithms. 

6 Maximization of decay rate via genetic 
algorithms 

Genetic algorithms have been used to  solve difficult 
problems in control with objective functions that do 
not posses Lhice7’ properties such as continuity, differ- 
entiability, satisfaction of the Lipschitz condition, con- 
vexity [l]. These algorithms maintain and manipulate 
a population of solutions and implement a survival-of- 
the-fittest strategy in their search for the better solu- 
tions. 

Genetic algorithms have been shown to solve linear 
and nonlinear problems by exploring all regions of the 
state space and exponentially exploiting promising ar- 
eas through mutation, crossover, and selection opera- 
tions applied to  individuals in the population[l3]. A 
more complete discussion of genetic algorithms can be 
found in the books [5, 7, 9, 131. 

The problem of maximization of the decay rate, as for- 
mulated in this paper, can be observed to have an ob- 
jective function that is homogeneous in P of degree 
zero that we can determine easily a feasible convex set 
for the 0:s.  Algorithms 1 and 2 illustrate how the al- 
gorithm works. 

Algorithm 1: main procedure 

Begin 

Set up initial population of candidate solutions 

For each candidate solution, evaluate fitness 

While the termination criterion is not satisfied, 

Select parent solutions for the next gener- 

Crossover parent genes to produce a new 

Subject offspring solutions to  random mu- 

For each solution, evaluate fitness function. 

function: 

ation, according to  fitness. 

generation of offspring solutions. 

tation. 

End 

Take the candidate solution with highest fitness 
value as the final solution. 

Algorithm 2: Fitness function for a candidate solution 

Begin 

Decode parameters ais from candidate solution 

Solve the feasibility problem of LMI in (10): 
if (10) is feasible, the set fitness value to  

else set fitness value to lower value than the low- 
est value possible in the feasible set of ais 

genes. 

nzl afi 

(13). 

End 

When there does not exist a feasible P , the set of 
a i s  is not discarded, but this individual is assigned a 
fitness value lower than the lowest value possible in the 
feasible set of a i s  (13). It is important not to  discard 
infeasible solutions that are near feasible solutions and 
perhaps near the optimal solution. 

7 Examples and Numerical results 

7.1 Example 1 
Consider the state-space plant model [17] : 

(11) 
A continuous-state feedback controller is U = -Kx, 
where K = [3.75,11.5].When the plant is sampled with 
a sampling period h = 0.3s, we obtain 

1 0.2955 ’ = [ 0 0.9704 ] = [ ] ’ 

and the closed-loop system (a - r K )  is still stable with 
the continuous controller. 

Each ai refers to the decay rate of individual systems 
represented for the matrix ai, so that we can define the 
feasible set of 0 : s  as : 

0.1 5 a1 5 1 

0.1 5 cy3 5 1 
0.1 5 CY4 5 1 

(12) 
1 < CYZ 5 1.1362 

The real lower bounds of al, as, and & are actually 
zero, but the value 0.1 is used in order to obtain a 
feasible matrix P. 

End 
Consider the setup shown in Fig. 1, which differs from 
that of [I71 since it permits packet dropout from plant 
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to  controller and vice-versa, whereas only the former 
is considered in [17]. Assuming that the switches S 
and are closed at rates r1 = 7-2 = 0.9, the rates 
of occurrence of the four matrices corresponding to  the 
four configuration of switches are: i l  = 0.01, f 2  = 0.81, 
f 3  = 0.09 and f 4  = 0.09. 

Using a floating point representation for each individ- 
ual or chromosome, the genetic operators arithmetic 
crossover and uniform mutation [13], normalized geo- 
metric ranking [lo] as scheme for selection process with 
8% of probability of selection the best individual, p o p  
ulation size of 20 individuals and 50 generations as a 
simple termination criterion, we obtained, via a genetic 
algorithm, the following values: 

= 0.6524, 02 = 1.1361, a3 = 0.7288, a 4  = 0.7247, 

19.08 22.73 -14.16 -12.70 0.42 
22.73 54.29 -12.99 -30.46 1.26 

P = -14.16 -12.99 15.11 15.75 0.07 
-12.70 -30.46 15.75 39.44 0.26 

0.42 1.26 0.07 0.26 0.15 

4 

I 
and the decay rate of networked control system with 
packet dropout is given by: 

a .  - 1.0425. n I.- 
i=l 

The results show that networked control system with 
packet dropout a t  two locations is stable, generalizing 
the example of [17]. 

7.2 Example 2 
Consider the parallelized asynchronous fixed point 
problem [8] with the matrix: 

1 0.8558 -0.2895 
0.7295 -0.6558 A =  [ 

Note that the spectral radius of A is 0.7, while the 
spectral radius of [AI is 1.23, so that the sufficient con- 
dition of [4] for convergence of asynchronous iterations 
(p(lA1) < 1) is not satisfied. 

The situation is shown schematically in Figure 3, in 
which it is assumed that P carries out the iteration 
for the top half of the vector z and P for the bottom 
half. Neither processor waits for information to  become 
available from the other, so the idle time of processors is 
minimized, implying that they are used more efficiently. 
It is only assumed that P makes its state vector z k  
available to  P at  rate r1 and that P makes its state 
vector 5k available to  P at  rate 7-2. 

We will suppose the rates of communication between 
processors P and P are r1 = r 2  = 0.9. So the rates 
of occurrence of the four matrices corresponding to  the 

Figure 3: Asynchronous two processor implementation of 
iteration for fixed point problem 

four configuration of switches are: 
A 

i Pswitch Pswitch Ti  
1 off off 0.01 
2 On On 0.81 
3 Off On 0.09 
4 On off 0.09 

Each ai refers to  the decay rate of individual systems 
represented for the matrix Ai,  so that we can define 
the feasible set of a:s as : 

0.1 5 a1 5 1 

0.1 5 a 3  5 1 
0.1 5 a4 5 1 

(13) 
1 5 ay2 5 1.4281 

The real lower bounds of a l ,  a3, and a4 are actually 
zero, but the value 0.1 is used in order to obtain a 
feasible matrix P. 

Using a floating point representation for each individ- 
ual or chromosome, the genetic operators arithmetic 
crossover and uniform mutation [13], normalized geo- 
metric ranking [lo] as scheme for selection process with 
8% of probability of selection the best individual, pop- 
ulation size of 20 individuals and 50 generations as a 
simple termination criterion, we obtained, via a genetic 
algorithm, the following values: 

a1 = 0.4910, = 1.4121, a 3  = 0.7163, a4 = 0.7072, 

72.7961 
4.4454 

-32.7549 
- 17.7848 

P =  [ 
and the decay rate of 
point problem: 

I 4.4454 -32.7549 -17.7848 
9.3635 -8.9705 4.1317 

-8.9705 35.4242 -16.3742 ' 
4.1317 -16.3742 63.3014 

parallelized asynchronous fixed 

^ ^ ^ ^  

a = a ; ' a ~ a ~ a ~  = 1.2352. 

The results show that parallelized asynchronous version 
of fixed point problem using two processors is stable, 
even when the Chazan-Miranker sufficient condition is 
not satisfied. 
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8 Concluding remarks 

This paper has shown that rate-constrained asyn- 
chronous dynamical systems introduced in [8] can be 
redefined in order to  produce a set of bilinear matrix 
inequalities that can determine the stability of the sys- 
tem via a quadratic Lyapunov function. Applications 
to  networked control systems with packet dropout and 
to  the convergence of asynchronous fixed point itera- 
tions are described. The class of rate-constrained asyn- 
chronous iterations is one for which it is possible to  
obtain a convergence condition that are weaker than 
the classical Chazan-Miranker condition (p(lA1) < 1) .  
This is interesting because only very few classes of asyn- 
chronous systems of this type are known. On the other 
hand, many issues remain to  be investigated. Using ge- 
netic algorithms it is possible to check whether a given 
matrix and communication rates leads to  a stable asyn- 
chronous iteration, but the class of matrices and rates 
has not been characterized. The generalization to iter- 
ations with n processors and to  general asynchronous 
dynamical systems need further work. 
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LINEAR MATRIX INEQUALITIES

Stability of asynchronous dynamical systems with
rate constraints and applications

A. Rabello and A. Bhaya

Abstract: A class of asynchronous dynamical systems with rate constraints is introduced. A
numerical procedure for a quadratic stability analysis, based on a combination of linear matrix
inequalities and a genetic algorithm is proposed. Applications to networked control systems with
packet dropout and to convergence of asynchronous fixed point iterations are described. The results
obtained are put in perspective as well as compared with those obtained earlier in the literature.

1 Introduction

Due to rapid advances in digital systems, communication
systems, and data networks, feedback control systems in
which control loops are closed through a real-time network
are becoming increasingly important. Such systems are
called networked control systems (NCSs). The defining
feature of an NCS is that information (reference input, plant
output, control input, etc.) is exchanged using a network that
connects control system components (sensors, controller,
actuators, etc). Designs that choose to use a NCS
architecture are motivated by cost, maintenance and
reliability issues rather than performance.

The insertion of a communication network in the
feedback control loop makes the analysis and design of an
NCS rather complex. Conventional control theory with
many ideal assumptions, such as synchronised control and
nondelayed sensing and actuation, must be re-evaluated
before it can be applied to NCSs. In [1], it is shown that
when using a NCS, not only networked-induced delay, but
also data packet dropout must be considered. Packet dropout
refers to packet collisions and network node failures. An
NCS with data packet dropout is modelled as an
asynchronous dynamical system with rate constraints on
events [2].

The basic feature of a Lyapunov-based theory for a class
of asynchronous dynamical systems proposed in [2] is that
the Lyapunov function is not required to decrease mono-
tonically along the state trajectories, but only on the
average. This theory was applied to asynchronous iterations
[3–5] and it was concluded in [2] that the condition given
by [3] can be relaxed, assuming that there are no delays
when processors communicate and that the latter commu-
nicate at a fixed rate.

We modify the definition of exponential stability for the
class of rate constrained models considered by Hassibi et al.
[2] relating the design parameters not to the rate of
occurrence of events but instead to the rate of occurrence
of discrete states of a dynamical system. This leads to a
simplification in the problem description as well as the
design procedure. The decay rate of the system is still
determined by nonlinear matrix inequalities and is calcu-
lated using genetic algorithms, that have been used to solve
difficult problems with objective functions that do not
possess helpful properties such as continuity, differentia-
bility, etc. Examples show that the Lyapunov-based theory
for a class of asynchronous dynamical systems can be used
to find sufficient conditions for stability of linear desyn-
chronised systems [6] and NCSs with data packet
dropout [1].

2 The rate-constrained model

Figure 1 illustrates a simple networked control system with
data packet dropout, where it is assumed that the non-
networked system is stable and that the network connects
the plant to the controller and vice-versa. The network is
modelled as a pair of switches S and �SS that close at certain
rates ri: When the switches are closed, the network packets
are transmitted without delay, whereas when they are open,
the output of the switches is held at the previous value and
the packets are lost. Thus the dynamics of the switches
(states �xx and x̂x) can be modelled as:

�SS1: �xxðkhÞ ¼ xðkhÞ

�SS2: �xxðkhÞ ¼ �xxððk � 1ÞhÞ

S1: x̂xðkhÞ ¼ �K �xxðkhÞ

S2: x̂xðkhÞ ¼ x̂xððk � 1ÞhÞ

Concatenating the state vectors of the plant and controller to
obtain a global vector:

zðkhÞ ¼ ½xT ðkhÞ; �xxT ðkhÞ; x̂xT ðkhÞ�T

the networked control system with data packet dropout is
represented as the following time-varying system:

q IEE, 2003
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zððk þ 1ÞhÞ ¼ ~FFizðkhÞ

where i ¼ 1; . . . ; 4: When the switches are in positions S2

and �SS2:

~FF1 ¼

F 0 G
0 I 0

0 0 I

2
4

3
5

When the switches are in positions S1 and �SS1:

~FF2 ¼

F 0 G
F 0 G
0 �K 0

2
4

3
5

When the switches are in positions S1 and �SS2:

~FF3 ¼

F 0 G
0 I 0

0 �K 0

2
4

3
5

When the switches are in positions �SS1 and S2:

~FF4 ¼

F 0 G
F 0 G
0 0 I

2
4

3
5

The particular matrices ~FFi that occur at each instant
can be worked out as functions of k, given the rates of
switching ri: Furthermore, it is clear that if the rates r1 and r2

are commensurable, then the states x(kh) from the plant
become available to the controller with certain periodic
delays, and the states �xxðkhÞ from the controller also become
available to the plant with periodic delays. If the rates are
incommensurable, then the delays will be aperiodic but
bounded. Thus, the rate-constrained model is a special case
of the model of asynchronous iterations [3]. Readers
wishing further details on the two kinds of model should
consult [2, 7].

3 Models of asynchronous dynamical systems

In their derivation of exponential stability for a class of
asynchronous dynamical systems, Hassibi et al. [2] used the
rates of occurrence of the events directly. The first switch is
closed at rate r1 and therefore 100ð1 � r1Þ% of the plant data
is lost in the network. The second switch is closed at rate r2

and therefore 100ð1 � r2Þ% of controller data is lost in the
network. The transition diagram of the networked control
system with packet dropout is given in Fig. 2, where E1 and
�EE1 denote the events of closing and opening the first switch,
and E2 and �EE2 denote the events of closing and opening the
second switch.

Using these rates, a sufficient condition for exponential
stability is obtained by the use of a simple quadratic
Lyapunov function given by:

VðxÞ ¼ xT Px;P > 0 ð1Þ

One obtains the following set of matrix inequalities:

~FF
T
1 P ~FF1 � P � ð ����2

1 ����2
2 � 1ÞP

~FF
T
2 P ~FF2 � P � ð��2

1 ��2
2 � 1ÞP

~FF
T
3 P ~FF3 � P � ð ����2

1 ��2
2 � 1ÞP

~FF
T
4 P ~FF4 � P � ð��2

1 ����2
2 � 1ÞP ð2Þ

and

�r1

1 �
r2

2 ���1�r1

1 ���1�r2

2 > 1 ð3Þ

where �1; �2; ���1; and ���2 correspond to the events E1; E2; �EE1

and �EE2 respectively, and ~FFi; i ¼ 1; . . . ; 4 correspond to the
configurations shown in the preceding Section.

In (2), the inequalities contain the product of three
variables of the problem, e.g. ��2

1 ��2
2 P; and a feasible set of

�1; �2; ���1; and ���2 is difficult to find. An alternative
approach arises from the realisation that the specification of
a rate of switching defines, implicitly, a rate of occurrence
of the corresponding discrete system defined, in the example
above, by one of the matrices ~FFi: The benefits of doing this
are explored in the following Section.

4 Exponential stability using a Lyapunov-based
theory

Before proceeding, a basic stability definition from [2] is
repeated here:

The asynchronous dynamical system is said to be
exponentially stable if its trajectories satisfy:

lim
k!1

�kkxkk ¼ 0 ð4Þ

for some � > 1: The largest such a is referred to as the
decay rate of the system. It is clear that exponential stability
implies uniform asymptotic stability.

Defining ~rri as the rate of occurrence of the configuration
described by the matrix ~FFi; it is clear that the ~rris must satisfy
the equation below:

Xm
i¼1

~rri ¼ 1: ð5Þ

Fig. 2 Transition diagram of the NCS with packet dropout

Fig. 1 NCS with data packet dropout
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With this definition of rate of occurrence, we can derive a
result for exponential stability.

Theorem 1: If there exists a Lyapunov function V : Rn !
Rþ:

�1kxk2 � VðxÞ � �2kxk2 ð6Þ

where �1;2 > 0 and V satisfies the following conditions:

(i) there exists �i > 0; i ¼ 1; . . . ;m; such that:

Vðxkþ1Þ � VðxkÞ � ð��2
i � 1ÞVðxkÞ ð7Þ

and
(ii) the �is satisfy:

Ym

i¼1

��rri

i > � > 1 ð8Þ

where m is the number of discrete states of the system, then
the asynchronous dynamical system zððk þ 1ÞhÞ ¼ ~FFizðkhÞ;
where ~FFi occurs with rate ~rri; i ¼ 1; . . . ;m is exponentially
stable in the sense of definition (4).

Proof: Suppose that the discrete state transitions of
any trajectory of the system occur at times 0 ¼ t1 < t2 <
t3 < . . . Then, for t 2 ½tk; tkþ1�; condition (7) gives:

Vðxðtkþ1ÞÞ � ��2
i VðxðtkÞÞ

or

lnVðxðtkþ1ÞÞ � �2 ln�i þ lnVðxðtkÞÞ ð9Þ

Note that whenever a discrete state of the asynchronous
dynamical system occurs we have a contributing term �i on
the right-hand side of (9). Hence, summing up these
inequalities for k ¼ 1; 2; . . . ;K � 1; in the limit, the total
time that one discrete state occurs is equal to ~rriK as K ! 1:
Therefore:

lnVðxðKÞÞ � lnVðxð0ÞÞ �

� 2~rr1K ln�1 �  � 2~rrmK ln�m

or, by (8)

lnVðxðKÞÞ � lnVðxð0ÞÞ < �2K ln�

so that

VðxðKÞÞ < ��2KVðxð0ÞÞ

Now using (6) we get:

�KkxðKÞk <

ffiffiffi
�2

�1

s
kxð0Þk

or

lim
k!1

�kkxkk ¼ 0

completing the proof. A

5 Maximisation of the decay rate using a
quadratic Lyapunov function

This Section presents a formulation for the problem of
maximisation of the decay rate for the NCS with the packet
dropout introduced above.

For the quadratic Lyapunov function (1), using the
sufficient condition for exponential stability given before,

the problem of maximisation of the decay rate can be
defined as:

max�~rr1

1 �
~rr2

2 �
~rr3

3 �
~rr4

4

such that

~FF
T
i P ~FFi � P� ð��2

i � 1ÞP i ¼ 1; 2; 3; 4

0 < P ð10Þ

where the rates ~rri and the parameters �i refer to the discrete
states of the asynchronous dynamical system, and the
relation between i and the configuration of the switches
described in Section 2 is listed in Table 1.

The nonlinear matrix inequalities in (10) can also be
written as bilinear matrix inequalities (BMIs) [8] in P and
log�is; showing that the computational complexity of this
type of optimisation problem belongs to class defined as NP-
hard [9, 10]. In addition, a BMI describes sets that are not
necessarily convex. It is important to understand that being
an NP-hard is a property of the problem itself, not of any
particular algorithm. It is also important to understand that if
a problem is NP-hard, this does not imply that pratical
algorithms to solve it cannot exist. Practical algorithms for
NP-hard problems exist and typically involve approxi-
mation heuristics, branch-and-bound, or local search
[9–11]. We will attack this hard optimisation problem
using genetic algorithms.

6 Maximisation of decay rate via genetic
algorithms

Genetic algorithms (GAs) have been used to solve difficult
problems in control with objective functions that do not
posses helpful properties such as continuity, differentia-
bility, satisfaction of the Lipschitz condition, convexity
[12]. These algorithms maintain and manipulate a popu-
lation of solutions and implement a survival-of-the-fittest
strategy in their search for the better solutions.

GAs have been shown to solve linear and nonlinear
problems by exploring all regions of the state space and
exponentially exploiting promising areas through mutation,
crossover, and selection operations applied to individuals in
the population [13].

The use of GAs requires the determination of six
fundamental issues: (i) chromosome representation; (ii)
selection function; (iii) the genetic operators making up the
reproduction function; (iv) the creation of the initial
population; (v) termination criteria; and (vi) the evaluation
function.

Convergence is another important issue in the theoretical
study of GAs. Many papers [13–16] have analysed the
convergence of GAs using the results of Markov chain
theory. Markov chains offer an appropriate theoretical
model to analyse the global convergence of GAs, although
the convergence analysis of a specific GA using this theory
is still quite difficult. A more complete discussion of GAs
can be found in [13, 17–19].

Table 1: The relationship between i and the switch
configuration

i Sswitches
~SSswitches

1 Off Off

2 On On

3 Off On

4 On Off
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The problem of maximisation of the decay rate, as
currently formulated, can be observed to have an objective
function that is homogeneous in P of degree zero, so that we
can determine easily a feasible convex set for the �is: Thus,
chromosome representation was only used for the �is: Each
individual of each population has information about the �is
codified in its gene. The fitness function tests if there is a
feasible matrix P for the set of �is of each individual. If the
test has a affirmative answer, then the fitness function is
equal to the objective function of the maximisation problem.
When there does not exist a feasible P, the set of �is is not
discarded, but this individual is assigned a fitness value
lower than the lowest value possible in the feasible set of
�is: It is important not to discard infeasible solutions that are
near-feasible solutions and perhaps near the optimal
solution. Algorithms 1 and 2 illustrate how the algorithm
works.

Algorithm 1: Main procedure

Begin
Set up initial population of candidate solutions
For each candidate solution, evaluate fitness function:
While termination criteria is not satisfied,

Select parent solutions for the next generation,
according to fitness.

Crossover parent genes to produce a new generation of
offspring solutions.

Subject offspring solutions to random mutation.
For each solution, evaluate fitness function.

End
Take the candidate solution with highest fitness value as

the final solution.

End

Algorithm 2: Fitness function for a candidate solution

Begin
Decode �is from candidate solution genes.
Solve the feasibility problem of linear matrix inequalities

in (10):
if (10) is feasible, then set fitness value to

Qm
i¼1 �

�rri

i

else set fitness value to a value lower than that of the
lowest value possible in the feasible set of �is:

End

A simple termination criteria is to stop the algorithm after
a specified number of generations.

7 Applications in control and iterative methods

7.1 NCS

Consider the state-space plant model [1]:

_xx1

_xx2

" #
¼

0 1

0 �0:1

" #
x1

x2

" #
þ

0

0:1

" #
u;

y ¼ 1 0
�  x1

x2

" #
ð11Þ

A continuous-state feedback controller is u ¼ �Kx; where
K ¼ ½3:75; 11:5�: When the plant is sampled with a
sampling period h ¼ 0:3=s; we obtain:

F ¼
1 0:2955

0 0:9704

� �
G ¼

0:0045

0:0296

� �

and the closed-loop system ðF � GKÞ is still stable with the
continuous controller.

Each �i refers to the decay rate of individual systems
represented for the matrix ~FFi; so that we can define the
feasible set of �is as:

0:1��1 � 1

1��2 � 1:1362

0:1��3 � 1

0:1��4 � 1 ð12Þ

The real lower bounds of �1; �3; and �4 are actually zero,
but the value 0.1 is used in order to obtain a feasible
matrix P.

Consider the setup shown in Fig. 1, which differs from
that of [1] since it permits packet dropout from plant to
controller and vice-versa, whereas only the former is
considered in [1]. Assuming that the switches S and �SS are
closed at rates r1 ¼ r2 ¼ 0:9; the rates of occurrence of the
four matrices corresponding to the four configura-
tion of switches are: ~rr1 ¼ 0:01; ~rr2 ¼ 0:81; ~rr3 ¼ 0:09 and
~rr4 ¼ 0:09:

Using a floating point representation for each individual
or chromosome, the genetic operators arithmetic crossover
and uniform mutation [13], normalised geometric ranking
[20] as scheme for selection process with 8% of
probability of selection the best individual, population
size of 20 individuals and 50 generations as a simple
termination criteria, we obtained, via a GA, the following
values:

�1 ¼ 0:6524 �2 ¼ 1:1361 �3 ¼ 0:7288 �4 ¼ 0:7247

P ¼

19:08 22:73 �14:16 �12:70 0:42

22:73 54:29 �12:99 �30:46 1:26

�14:16 �12:99 15:11 15:75 0:07

�12:70 �30:46 15:75 39:44 0:26

0:42 1:26 0:07 0:26 0:15

2
66664

3
77775

Thus, the decay rate of the NCS with packet dropout is
given by:

Y4

i¼1

�~rri

i ¼ 1:0425

The results show that the NCS with packet dropout at two
locations is stable, generalising the example of [1].

7.2 Parallel asynchronous computation

Consider the parallelised asynchronous fixed point problem
treated in [2] with the matrix:

A ¼
0:8558 �0:2895

0:7295 �0:6558

� �

Note that the spectral radius of A is 0.7, while the spectral
radius of jAj is 1.23, so that the sufficient condition of [3] for
convergence of asynchronous iterations ð�ðjAjÞ < 1Þ is not
satisfied.

The situation is shown schematically in Fig. 3, in which
it is assumed that P carries out the iteration for the top
half of the vector x and �PP for the bottom half. Neither
processor waits for information to become available from
the other, so the idle time of processors is minimised,
implying that they are used more efficiently. It is only
assumed that P makes its state vector xk available to �PP at
rate r1 and that �PP makes its state vector �xxk available to P
at rate r2:
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We will assume that the rates of communication between
processors P and �PP are r1 ¼ r2 ¼ 0:9: So the rates of
occurrence of the four matrices corresponding to the four
configuration of switches are as listed in Table 2.

Each �i refers to the decay rate of an individual system of
those represented by the matrix Ai; so that we can define the
feasible set of �0

is as:

0:1��1 � 1

1��2 � 1:4281

0:1��3 � 1

0:1��4 � 1 ð13Þ

The real lower bounds of �1; �3; and �4 are actually zero,
but the value 0.1 is used in order to obtain a feasible
matrix P.

Using a floating point representation for each individual
or chromosome, the genetic operators arithmetic crossover
and uniform mutation [13], normalised geometric ranking
[20] as schemes for selection process with a probability of
8% of selecting the best individual, population size of 20
individuals and with 50 generations as a simple
termination criteria, we obtained, via a GA, the following
values:

�1 ¼ 0:4910 �2 ¼ 1:4121 �3 ¼ 0:7163 �4 ¼ 0:7072

P ¼

72:7961 4:4454 �32:7549 �17:7848

4:4454 9:3635 �8:9705 4:1317

�32:7549 �8:9705 35:4242 �16:3742

�17:7848 4:1317 �16:3742 63:3014

2
664

3
775

and a decay rate for the parallelised asynchronous fixed
point problem of:

� ¼ �~rr1

1 �
~rr2

2 �
~rr3

3 �
~rr4

4 ¼ 1:2352

The results show that the parallelised asynchronous
version of the fixed point problem using two processors
is stable, even when the Chazan-Miranker sufficiency
condition is not satisfied.

8 Conclusions

It has been shown that the event rate-constrained asynchro-
nous dynamical systems introduced in [2] can be redefined
as discrete state rate-constrained asynchronous dynamical
systems in order to produce a set of BMIs that can determine
stability via a quadratic Lyapunov function. Applications to
NCSs with packet dropout and to the convergence of
asynchronous fixed point iterations have been described.
The class of rate-constrained asynchronous iterations is one
for which it is possible to obtain a convergence condition
that is weaker than the classical Chazan – Miranker
condition ð�ðjAjÞ < 1Þ: This is interesting because only a
few classes of asynchronous systems of this type are known.
However, many issues remain to be investigated. For
example, using GAs, it is possible to check whether a given
matrix and communication rate leads to a stable asynchro-
nous iteration, it would be interesting to characterise the
class of matrices and rates for which this occurs.
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Table 2: The rates of occurrence of the matrices for the
switch configurations

i

P for the

S switches

~PP for the

~SS switches ~rri

1 Off Off 0:1 � 0:1 ¼ 0:01

2 On On 0:9 � 0:9 ¼ 0:81

3 Off On 0:9 � 0:1 ¼ 0:09

4 On Off 0:9 � 0:1 ¼ 0:09
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