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��?U<vl:F>?U9UF@D;t DI<~Q:R���8 �W?bQ:R�lo?;= �MN:KCP�DWz�D;<vt �;w[8:PVN�D;<�< �LN:KCF@?UN�DI<�<Ey;?btx?�QWRMJ�DIQ�D;<~KC?Utx?
��D;F@F@D;<XQ:R�=@RMN:<@y;?iKC?UNO=EF>?UJ�D;Q:D � ��D;F>FED�
]* �	?U8bQ:Rv�:D;J�D;N � ? � ��DIF@FED *

Θ
� rn� RuDAt �;w[8:PVN�D

DI=EPVN:9URA<>RM8 JLPLtxPV=@RuQWR�lo?;= �MN:KCP�D`F@RMDI=EPTG;D�z�RMJ�D`B RMNO=Ey;?btu? Q:RMJLD;Q�D�KC?Utx? �:D;F@F@DbQWR�KHD;F>9OD
� ��D;F>FED�
�_ � z[?Sw[8:R�PLNWQ:PLKMD�w[8:R�RMJLDYloRMF>Q:RM8u?SKC?UNO=EF>?UJLR�Q�DX=ERCN:<Ey;?SN:?U<�<@RC8:<,=@RMF>tuPVN�D;PL<Cr ��D
l:F��I=@PLKMDWzW8:tuDvt�Iw 8WPLN�D�< �LN:KCF@?UN�DnFEDIFED;txRMNO=ERX?;lRCFEDvQ:RYD;KM?;F@Q:?nKM?;t RM<><@RM<�tu? Q:RCJL?U<Cr

��?U<�RC<>=E8WQ:?U<�Q:RXRC<>= DI�:PLJVPLQ�D;QWR�Q:R	=@RMN:<@y;?�q D;� Z+<@R�N:RMKCRM<@<��;F@PV?nF@RMlWF@RM<>RMNO= DIF�NW?U</tx?�Q:RCJL?U<
Q:R�t �;w[8:PLN�Du< �LNWKMF@?;N�D�D;JL9;8:N:<	Q:?;<X<@RM8W<XJLPLtxPV=@RM<�R�KM?;N[=@F@?UJVRM<CrS��<XRMw[8�D � 
 RC<XQ:Rn
 D;F���<@y;?
8:<ED;Q:D;<�l�D;FEDvQ:RC<@KCF@RCG;RMF�Dxt �;w[8:PLN:D�< �LNWKMF@?;N�DvRMt F>RM9UPVtuR	loRMF>t DIN:RMNO=ER � �XPLt � � z �X8:N 	 ��� p

ed = −
ωm

ωo
Ψq − raid,

� � r�� �

eq =
ωm

ωo
Ψd − raiq,

� � r�� �

ef = rf if ,
� � r ���

Ψd = −Xdid + Xadif ,
� � r�� �

Ψq = −Xqiq,
� � r�
��

RMt w[8:RIz

ed

p�=ERMNW<Ey;?n=ERCF@txPLN�D;JQ:R�RMP �W? Z+Q 	

eq

p]=@RMN:<@y;?x=@RMF>tuPVN�D;J�QWRYRCP ��?IZ6w 	

id
p�KM?;F@F@RCNO=ERX=ERCF@txPLN�D;JQ:R�RMP �W? Z+Q 	

� �



-/D;l �V=@8:JL?x� r:��N��IJLPL<>RXQ:RY��<>= DI�:PLJVPLQ�D;QWR	Q:R��7RCN:<EyI?uQ:RY$&?UN:9UDx��8:FED � y;?

iq
p�KM?UF>F@RMNO=@RY=@RMF@txPLN:D;J�Q:R�RCP ��?IZ+w 	

ef

p�=ERMNW<Ey;?nQ:RYKHD;txlo?vQ:?u9;RMFEDIQ:?UF 	

if
p�KM?;F@F@RCNO=ER�Q:R�KHD;txlo?xQW?x9;RMFEDIQ:?UF 	

ra

p�F@RM<>PL<2=��MNWKMP�DvQ:RYD;F>t DIQ:8:FED 	

rf

p�F@RC<@PV<>=��CN:KMPLDxQWRYRCN:F@?;J�D;txRMNO=E?vQWRYKMD;txl?
	

Xd

p�F@RHD = >;N:KCP�Dv< �VN:KMF>?UN�DvQ:R�RMP ��?IZ+Q 	

Xq
p�F@RMDI= >IN:KMPLDn< �LN:KCF@?UN:DnQWRYRCP ��?IZ6w 	

Xad

p�F>RHDI= >;N:KMPLD~t �W=@8�DWz�w 8WRXF@RMlWF@RM<>RMNO= Dv?nD;KC?Ul:JLD;tuRCNO=E?~Q:D�KM?UF>F@RMNO=@RXQ:R	RMP ��?vQ:PLF>RC=E?~Q:?
RM<2= DI=@?UF�R�F@?;=@?UF 	

ωm

p]G;RMJV?�KCPLQ�D;QWRXQ:R�?UlRCFED � y;?nQ�Dnt�;w[8:PVN�D 	

ωo

p]GURCJL? KMPVQ�D;Q:RXN:?;tuPVN�D;J�Q:Dnt �;w[8:PVN�D 	

Ψd

p ��8���?uKC?UN:KMDI=ERCN�D;Q:?xQ:R�RMP �W? Z+Q 	

Ψq

p ��8���?xKM?UNWKHDI=@RMN�D;QW?uQ:R�RCP ��?IZ+w�r

��8:�:<2=EPV=@8:PLNWQ:?IZ+<>R
Ψq

Q�D;QW?�N:DARMw[8�D � y;? � ��r 
���N�DARCw 8:D � y;? � � r�� ��R
Ψd

Q�DIQ:? N�DARMw[8�D � y;?
� ��r�� �#N�DvRMw[8�D � y;? � ��r � �#RYD;<><@8:txPLN:QW?xw[8:R ωm = ωo

z:=ERMtvZ+<>R

ed = Xqiq − raid,
� � r�� �

eq = −Xdid + Xadif − raiq.
� � r 	 �

�1=@RMN:<@y;?i=@RMF>tuPVN�D;J]lo?�QWRx<>RMFYR ��l:F>RM<@<@D�RMt =@RMF>tu?U<�Q�DI<YKC?Utxl?UNWRMNO=ERC<~Q:RnRMP ��?iQ:PVF@R =E?�R
Q:R�w 8:D;Q:FED =E8:F@DnQ:Dnq ?UF>t D

~Vt = ed + jeq.
� ��r � � �

� �



-/D;l �V=@8:JL?x� r:��N��IJLPL<>RXQ:RY��<>= DI�:PLJVPLQ�D;QWR	Q:R��7RCN:<EyI?uQ:RY$&?UN:9UDx��8:FED � y;?

��N�D;JV?U9OD;txRMNO=@R;z:DvKC?UF@F>RMNO=ER�=ERCF@txPLN�D;Jl? Q:RX<>RMF�R ��l:F@RC<@<@DuKM?;tu?

~I = id + jiq.
� ��r ��� �

��R ��NWPLN:Q:?x?vq D;<@?;F ~Eq
KC?Utu?

~Eq = ~Vt + (ra + jXq)~I,
� ��r �m���

= (ed + jeq) + (ra + jXq)(id + jiq).
� ��r ��� �

�(RCw 8:D � y;? � ��r �m���|tx?U<>=@FED�w[8:R#D�F>RMl:F>RM<@RCNO= D � y;?XRMt�RMw[8:PVJ �V�:F@PV?�Q:R#8:tuD�t�;w[8:PVN�D�< �LNWKMF@?;N�D
B~Q�D;QW?Al?;F�8:tuDx=@RMN:<@y;?�PLNO=ERCF@N�D

Eq

z�N�D QWPLF@R � y;? Q:R�8:t RMP ��?APLtuD;9UPVN��;F@PV?v9UPLF@D;NO=ER � RCP ��?

q
� z�DI=EF��;<�Q:RA8Wt D�PVtuloRMQ�>;N:KMPLDi< �LN:KCF@?UN�D�r � 8:�:<>=@PV=@8:PLN:QW?`D;<�RCw 8:D ��
 RM< � � r�� ��R � ��r 	 ��N�D
RMw[8�D � y;? � ��r ��� �#RXtuD;N:PLlW8:J�D;NWQ:?IZ%D�z =@RMtvZ+<@RXw[8:R

~Eq = j[Xadif − (Xd −Xq)id],
� ��r �-� �

= ~Efd − j(Xd −Xq)id,
� ��r �m���

RMt w[8:RIz ~Efd = jXadif
B�?�q D;<>?UF|=ERCN:<Ey;?�l:F>?Ulo?UF@KCPL?UN�DIJ �/KM?;F@F@RCNO=ER�Q:R�KHD;txlo?:r7� Q:PLD;9UFEDIt D

q D;<@?UF>P�D;JQ:R�8:tuDnt �;w[8:PVN�D�< �VN:KMF>?UN�DvRMt RCw[8:PLJ �L�:F>PL?�B�tx?U<>=@FED;Q:?vN:Du\ PV9U8:F@Dn��r�
 r
��PVtuloRMQ�>;N:KMPLD~< �VN:KMF>?UN�DvQ:?x9URMF@D;Q:?UF�B�R �WlWF@RM<><EDxl?UF

~zg = zge
j(π/2−α),

� ��r ��� �

KM?Ut
zg

R
α
Q:R ��NWPLQ:?U<�lo?UFMp

zg =
√

r2
a + X2

q ;

α = tg−1
ra

Xq

.

�;�
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Im q

d

Re

Eq

IXq

Ira
Vt

I

Efd

δ

α θ

\ PL9U8WFEDn��r 
�p��XFED;N:QWRM�HDI<�QW?u9URCFED;QW?UF#Z�RMP �W?;<����~R �	��
���vr

��KM?UF>F@RMNO=@R ~I
l? Q:R�<@RCF�?;�W=EPVQ�D�Q�Dx\ PL9U8WFEDn��r 
�zW=@RMN:Q:?x?nRMP �W?nF>RHD;J&KC?Utu?nF>RCq RMF �MN:KCP�DWz

~I =
Eqe

jδ − Vte
jθ

zgej(π/2−α)
.

� ��r � 
��

��< KC?Utxl?UNWRMNO=ERC< Q�D KM?UF>F@RMNO=@R ~I
N:?U<uRMP ��?U<uF@RMD;J�� �	� �vR�PVt D;9;PLN��;F>PL? � ��� �n?;�W=EPVQ�D;<xQ�D

RMw[8�D � y;? � ��r � 
�� z�<Ey;?nQ�D;Q:D;<�l?UF

Ire = Re(~I) =
Eq

zg

sin(δ + α)−
Vt

zg

sin(θ + α);
� ��r �-� �

Iim = Im(~I) = −
Eq

zg

cos(δ + α)−
Vt

zg

cos(θ + α).
� ��r ��	 �

� �
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�fl:F@?ms>R � yI?vQ�D;</KC?Utulo?UN:RCNO=ERM<#Q�D�KM?UF>F@RCN[=@R ~I
N:?U</RCP ��?U< �	��
��� D;?U<#RMP ��?U< ���SB	Q�D;Q:D~l?;F







id

iq






=







sin δ − cos δ

cos δ sin δ













Ire

Iim






.

� ��r��;� �

��8:�:<2=EPV=@8:PLNWQ:?
Ire

R
Iim

z�Q�D;Q�DI<AlRCJ�D;< RMw[8�D � 
 RC< � ��r ��� �uR � ��r ��	 � z�N�D RCw 8:D � y;? � ��r �I� � z
=ERMtvZ+<>R







id

iq






=









Eq

zg
cos α−

Vt

zg
cos(δ − θ − α)

Eq

zg
sin α +

Vt

zg
sin(δ − θ − α)









.
� ��r���� �

"+N[=@F@? Q:8:�CPLN:Q:?n?vGID;JL?;F�Q:R
id
?;�W=EPVQ�D�Q�DnRMw[8�D � y;? � ��r���� �#N�DvRMw[8�D � y;? � ��r �m��� z:=ERCtnZ6<@R

Eq − Efd + (Xd −Xq)

[

Eq

zg
cos α−

Vt

zg
cos(δ − θ − α)

]

= 0.
� � r �U���

�'RCw[8�D � yI? � � r �U��� B�D�RMw[8�D � y;?SQ:R�RCw[8:PLJ �L�:F>PL?	Q�D�t �;w[8:PLN�DX< �LN:KCF@?UN�D�z KC8 s@D;<�GID;F@P �HGURMPV<�<Ey;?:p

� � ���$� �&� � �"� �3� � # , � �#�� ,���' 
,"� ,

��l?;= �MN:KCP�DnDI=@PVGID�9URMF@D;Q�DWz�PVN:KMJV8:PLNWQ:?vD;<�loRMF@Q:D;<�Q�Dxt �;w[8:PVN�DWzWB�Q�DIQ�Dvl?UF

P = Re( ~Eq
~I∗),

w 8WR;z	w[8�D;NWQ:?(F>RM<>?UJVG PLQ:D N:D;< KM?Utxl?;N:RMNO=ERC<iQWR RCP ��? Q:PLF>RC=@? Rbw[8�D;QWFEDI=@8:FED Q:?U< q D;<>?UF@RC<
RMNOGU?UJTG PLQ:?U<Cz�KM?UNWQ:8:�YD

P = Re[jEq(id − jiq)],

= Eqiq.
� ��r�� � �

��8:�:<2=EPV=@8:PLNWQ:?
iq
z�?;�W=EPVQ�DvDI=EF@DHGUBM<�Q�DvRMw[8�D � y;? � ��r���� � z:N�DnR ��l:F>RM<@<@y;? � ��r�� � � z:=ERMtvZ+<>R

P =
E2

q

zg
sin α +

EqVt

zg
sin(δ − θ − α).

� ��r�� � �

��
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��� � ��� � � � �'"� ��'� � ����� �3"�� � #�� ��'�

�'?;lRCFED � y;?S<@DI=EPV<>q DI=��UF@PLD	Q:R�8:tc<@PV<>=ERCt DXQ:R�lo?;=��CN:KMPLDYF>RMw[8:RMF�w[8:R	DXq F@RCw�� �MN:KCP�DY<@R%s@D�F@RCJ�D Z
=EPVGID;txRMNO=@R	KM?UNW<>= DIN[=@R;r,��D;NO=@RMF�D~q F@RCw � �MN:KCP�DvRMt <@RM8W<�GID;JV?UF@RC</N:?UtxPLN�DIPL<�BX8:t PLNWQ:PLKMD;Q:?UF
Q:R�w[8:RX?��:D;J�D;N � ?~QWR	l?I=��MNWKMP�DSDI=EPTGIDSRM<2= ��<>RMN:Q:?vKC8:txl:F@PVQ:?:r��fF@RC9U8:JLD;Q:?UF�Q:R�G;RMJV?�KCPLQ�D;QWR
BYw[8:RCt R ��RCF@KMRS?nKM?UNO=EF>?UJLRXQ:Dnq F>RMw[8 �MNWKMP�D�r

��tx?�QWRMJL?SQ:R	F>RM9U8:JLD;Q:?UF,Q:R	GURCJL? KMPVQ�D;Q:R�PLtxl:JLRCtuRCN[=ED;Q:?SB	? � � � � � � ��� � �	� � � � � � � � �
� ����� ���� � � � zUKM?UN�q ?UF@txR�DS\ PV9U8:F@D���r���z w[8:R�D;l:F>RM<>RMNO= D~8Wtetu? Q:RCJL?�Q:R�t�Iw 8WPLN�DX{:PVQ:F��;8WJLPLKMDWr

Comporta

Integrador

TurbinaÁgua
Pm P

R

G

K

∆

o

Y

+−

−
ω

ω

\ PL9U8WFEDn��r��Wp���NWPLQ�D;QWRXKM?Ut F>RM9U8WJ�D;Q:?;F/Q:RXGURCJL? KMPLQ:D;Q:R;r

��RCG PLQW?�D�R �WPV<>= �MN:KCP�D/Q:?��:JV?�KC?�PLNO=ERC9UFED;QW?UFMz ?�<>PLN�D;J
∆Y

D =EPLNW9UR]8:t l?UNO=@?�QWR�RMw[8:PLJ �L�:F>PL?
w 8:D;N:Q:?uDv<ED��VQ�DvQ:?n<@?UtuD;Q:?UF�B�N[8:JLDWz:?U8 <@R+s@DWz

ωo − ω − R∆Y = 0,
� ��r��U���

RMt�w[8:R
ωo

BAD�G;RMJV?�KCPLQ�D;QWRxNW?UtuPVN�D;J z
ω
BAD GURMJV?�KCPLQ�DIQ:RutxRMQWPLQ�DWz

R
Bx?�l:D;F >;txRC=@F@?iQ:R

F@RM9;8:J�D � y;?nQ:RXGURCJL? KMPLQ:D;Q:R;z�KC?Ut GID;JL?;F/=��LlWPLKM?vQWR����Az�R
∆Y

BSDnl?U<>P � y;?nQ�D;<�l�D;JV{:RC=ED;<�Q:?
Q:PL<2=EF@PV�:8:PVQ:?UF~Q:D`=@8:F@�WPLN�D`{:PVQ:F��;8WJLPLKMDWr _X8:D;N:Q:? D`RMw[8�D � y;? � ��r��U���~B�R �WlWF@RM<><ED RMt

p.u.
z

=ERMtvZ+<>RXw[8:R

fo − f −R∆P = 0,

� �
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?U8

fo − f −R(Pm − Po) = 0,
� � r � ���

RMt w 8WR
fo
B	DSq F@RCw � �MN:KCP�D�N:?UtxPLN:D;J z

f
BXDYq F@RCw � �MN:KCP�DvDI=@8�D;J z

Pm
BXD~lo?;=��CN:KMPLD~txRMK->IN:PLKMD

KM?UF>F@RM<>l?;N:Q:RMNO=@R~D
f
R

Po

BYDvlo?;=��CN:KMPLDntxRMK4>;N:PVKHDvKM?UF>F@RC<@lo?UN:Q:RCN[=@R��
fo

r���lo?;=��CN:KMPLDvQ�D
=E8:F>�:PLN�D�KC?Utx?nq 8WN � y;?xQ�D�q F@RCw�� �MN:KCP�DnQ:?x<@PL<2=ERCt D�B�?U�W=@PLQ�DvQ�DvRCw 8:D � y;? � � r � ��� z

Pm = Po −
1

R
(f − fo).

� ��r���
��

��DvKM?UNWQ:P � y;?nQ:R�RMw[8:PLJ �L�:F>PL?~=@RMtvZ+<>RXw 8WR;z

Pm − P = 0.
� ��r � � �

��8:�:<2=EPV=@8:PLNWQ:?�DI< R ��l:F@RC<@< 
 RM< Q�D�lo?;=��CN:KMPLD�txRMK4>;N:PVKHDWzmRMw[8�D � y;? � ��r���
�� zIR�Q�D�lo?;= �MN:KCP�D�DI=EPTGID
9URMF@D;Q�DWzORCw 8:D � y;? � ��r�� � � z[N�DXRMw[8�D � y;?YQ:R�RCw[8:PLJ �L�:F>PL? � ��r � � �7R�=EF>?�KMD;N:Q:?IZ6<@R�?Y<@PLN:D;J:Q:R�KHDIQ�D
=ERMF>tu?v?;�W=EBCtnZ6<@RYDvRMw[8�D � y;?uQWRYRCw[8:PLJ �L�:F>PL?�Q:?ntx? G�PVtuRCNO=E?nQ:?n9URMF@D;Q:?UFCp

E2
q

zg

sin α +
EqVt

zg

sin(δ − θ − α)− Po +
1

R
(f − fo) = 0.

� � r ��	��

��� � ��� � � � �'"� ��'� � � � ��� ���-��#��	� ���/01�32'�4%��

��t F@RC9U8:JLD;Q:?UF�D;8W=@?Ut� =EPLKC?nQ:RS=@RMN:<@y;?:zo?U8�<>PL<>=@RMtuDuQ:RSR ��KMPT= D � y;? Q:Dut �;w[8:PLN�D�zDIJLBMt QWR
<@8:l:F>PLF�KM?;F@F@RCNO=ERxKM?UNO=��VN[8�D�l:D;FED�?�KMPLF>KM8:PT=E? Q:RxKHD;txlo?�Q:D�t �;w[8:PLN:D =ERMt KC?Utx? q 8WN ��
 RM<Cp
KM?UNO=EF>?UJ�DIF�D =@RMN:<@y;?�R�?��8 �W? Q:R~l?;= �MN:KCP�D F>RHDI=@PVGIDWzotuRCJL{:?;FED;F�D RM<2= D;�WPLJLPVQ�D;Q:RYQ:R�=@RMN:<@y;?
R~l:F>?;=ERC9URMF�?U<�RCN:F@?UJLD;txRMNO=E?U<�Q�Dxt�;w[8:PVN�Du< �LN:KCF@?UN:DWr���t KM?;N:Q:P � 
 RC<�NW?UF@tuD;PL<�Q:RS?UlRCFED Z

� y;?:z�8:tdF>RM9U8WJ�D;Q:?;F/D;8W=@?Ut �I=EPVKM?~QWR�=ERCN:<Ey;?nB	KMD;FEDIKC=ERCF@PV�HD;Q:?vloRMJLD;<#F>RMJLD ��
 RM</QWRXRMw[8:PLJ �L�:F>PL?
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n(k + 1) = n(k)−∆n
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n(k) + ∆n
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V > Vref + ε; T > TD + TM ; n(k) < nmax

n(k)−∆n
<@R

V < Vref − ε; T > TD + TM ; n(k) > nmin

n(k)
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n : 1 Ykm

k m
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Ykm / n
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PL = PLo
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(
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Vo
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+ bp
V

Vo
+ cp

]
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QL = QLo
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aq

(

V

Vo

)2

+ bq
V

Vo
+ cq

]
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ap + bp + cp = 1
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aq + bq + cq = 1
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(t) = PLo

(1 + λP t),
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(t) = QLo

(1 + λQt),
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ẋ = f(x, y, z, w),
� ��r��O���

0 = g(x, y, z, w).,
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z(k + 1) = h(x, y, z(k), w).
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w = φ(t)
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0 = f(x, y, z, w).
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 RM<Cp

0 = f(x, y, z, w),

0 = g(x, y, z, w).
� ��r���	 �
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f1(x, y, z, w) = Eqi
− Efdi

+ (Xdi
−Xqi

)

(

Eqi

zgi

cos αi −
Vti

zgi

cos(δi − θi − αi)

)

= 0

f2(x, y, z, w) =
E2

qi

zgi

sin αi +
Eqi

Vti

zgi

sin(δi − θi − αi)− Poi
+

1

Ri
(fi − foi

) = 0

f3(x, y, z, w) = Efdi
−Ki(Vrefi

− Vti) = 0

RMt w[8:R D l:F>PLtxRMPVFED RMw[8�D � y;?:z f1(x, y, z, w) = 0
z�KM?UF>F@RM<>l?;N:Q:R � RCw[8�D � yI? Q:R RCw[8:PTZ

J �L�WF@PL? Q:? 9URMF@D;Q:?UFCz	D <@RC9U8:N:Q�D RMw[8�D � y;?:z f2(x, y, z, w) = 0
z�KM?UF>F@RM<>l?;N:Q:R�� RCw[8�D � yI?

Q:R�RMw[8:PVJ �L�WF@PL?�Q:?�tu? G PLtxRMNO=E?XQW?Y9;RMFEDIQ:?UF�R�D	=ERMF>KMRCPLFEDXRCw 8:D � y;?Wz f3(x, y, z, w) = 0
zOKC?UF@F>R Z
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 RC<

f3(x, y, z, w) = 0
<@y;?3<@8W�:<>=@PV=E8 �LQ�D;<Sl?;F

EFDi
− Ki(Vrefi

− Vti) = 0
w[8�D;N:Q:?`?`� �X$

DI=E8�DIFMr
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g1(x, y, z, w) =
∑

mεΩi

Vm(Gim cos θm − Bim sin θm)−
��R
{Ii(x, y)} = 0

g2(x, y, z, w) =
∑

mεΩi

Vm(Gim sin θm + Bim cos θm)− Im{Ii(x, y)} = 0

RMt w[8:RIz

Vm
p�t ��QW8:JL?vQ�DI<�=@RMN:< 
 RC<�Q�D;<���D;F>FED;<�Q�DvF@RCQ:R 	

θm

p7>IN:9U8:JV?vQ�D;<�=ERCN:< 
 RM<�Q�D;<���D;F>FED;<�Q:DxF>RMQ:R 	

Gim
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Bim
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Re{Ii(x, y)}
p7l�DIF>=ER�F@RMD;J�Q�D;<�KM?UF>F@RMNO=@RM</PVN s>RC=ED;Q�D;<�N�D;<,��D;F>FED;<�lRCJL?U<�9URCFED;QW?UF@RC<#R�KHD;F>9OD;<
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Im{Ii(x, y)}
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Igi
(x, y) =

Eqi

zgi

ej(δi+αi−π/2) −
Vti

zgi

ej(θi+αi−π/2),
� ��r �O� �
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Igi

(x, y)
<EyI?:z:F@RC<@loRMK =EPVGID;txRMNO=@R;z

Re{Igi
(x, y)} =

Eqi

zgi

sin(δi + αi)−
Vti

zgi

sin(θi + αi),
� ��r � � �

Im{Igi
(x, y)} = −

Eqi

zgi

cos(δi + αi) +
Vti

zgi

cos(θi + αi).
� ��r �[���
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KHD;F>9ODv<Ey;?

Re{Idi
(y)} = −PLoi

(

api
Vi + bpii +

cpi

Vi

)

cos θi
� ��r � � �

−QLoi

(

aqi
Vi + bqi

+
cqi

Vi

)

sin θi,

Im{Idi
(y)} = −PLoi

(

api
Vi + bpi

+
cpi

Vi

)

sin θi

� ��r ��� �

+QLoi

(

aqi
Vi + bqi

+
cqi

Vi

)

cos θi.
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f
� �

��RCFED;Q:?;F f1

f2

f3

Eq

z
Efd

z
δ 3Ng 3Ng

��RMQ:R g1

g2

Vm, m = 1, ..., N
θm

z
m 6= ref

2N 2N − 1
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3Ng+2N

zIKM?Ut
3Ng+1

GID;F@P �HGURMPV<kQ:R#RC<>= DIQ:?�Q:PVN">;txPTZ
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f, Eq, Efd, δ
R

2N − 1
GID;F>P �HGURCPL<YQ:RxRM<>=ED;Q:?`DIJL9UBC�:F@PVKHD;<

V, θ
r � <@?UJV8 � yI?�N[8:txBMF@PVKHD
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fhgjil�=;Rm

� ^wX�n��h��\~�h\~� ^HzRd�ps�[d��y�[^y�D^Duvdy� ps\U�L^Ru]t�dyxs^ar ^ynCX[Z]\_^a`��cXqn�fhg�ilka�Rm �?fhgjilk I�m ��fhgjilk 4am�XDfhgjilk=6Rm x bRd
^�pU^y�[^Ru X��j� p_dytPn�X�x uvdyx �h�[^y���Ln7X�t x_n7X���thzR^yn3x ^�n�X[Z]\_^a`��cXqnDzR^;�[XvzeXji

��������� 	 &)$�
)&��������������� &��

∂<[Id(y)]

∂V
= −

[

PLo(ap +
cp

V 2
)cosθ + QLo(aq +

cq

V 2
)senθ

] fhgjil�$9cm
∂<[Id(y)]

∂θ
= −

[

PLo(apV + bp +
cp

V
)senθ −QLo(aqV + bq +

cq

V
)cosθ

] fhgjil�akRm
∂=[Id(y)]

∂V
= −

[

PLo(ap +
cp

V 2
)senθ −QLo(aq +

cq

V 2
)cosθ

] fhgjil�a�Rm
∂=[Id(y)]

∂θ
= −

[

PLo(apV + bp +
cp

V
)cosθ + QLo(aqV + bq +

cq

V
)senθ

] fhgjil� I�m
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